Recent high-resolution angle-resolved photoemission spectroscopy experiments have given a reason to believe that pure bismuth is topologically non-trivial semimetal. We derive an analytic theory of surface and size-quantized states of Dirac fermions in Bi(111) films taking into account the new data. The theory relies on a new phenomenological momentum-dependent boundary condition for the effective Dirac equation. The boundary condition is described by two real parameters that are expressed by a linear combination of the Dresselhaus and Rashba interface spin-orbit interaction parameters. In semi-infinite Bi(111), near M-point the surface states possess anisotropical parabolic dispersion with very heavy effective mass in Γ − M direction order of ten free electron masses, and light effective mass in M − K direction order of one hundredth of free electron mass. In Bi(111) films with equivalent surfaces, the surface states from top and bottom surfaces are not splitted. In such symmetric film with arbitrary thickness, bottom of the lowest quantum confinement subband in conduction band coincides with the bottom of bulk conduction band in M-point.
I. INTRODUCTION
Bismuth takes an important place in solid state physics. High-quality bismuth single crystals were the first electron systems which enabled discovery of fundamental quantum phenomena such as Shubnikov-de Haas 1 and de Haas-van Alphen oscillations 2 as well as quantum size effect in thin films 3, 4 . Anisotropic dispersion and multi-valley structure of carriers in bismuth attract great attention till nowadays [5] [6] [7] [8] [9] [10] . Recently, superconductivity has been observed in pure bismuth under ambient pressure 11 . Bismuth-based crystalline compounds was in the first Bi 1−x Sb x generation of topological insulators whereas it was believed that pure bismuth is a topologically trivial material 12, 13 , which was derived from pseudopotential 14 and tight-binding 15 calculations of bulk band structure. This was also agreed with first-principles calculations of bismuth surface state (SS) spectra 16, 17 , although preceding angle-resolved photoemission spectroscopy (ARPES) results for Bi(111) surface [18] [19] [20] can not confirm the theoretical conclusion due to lack of resolution of SS spectra in a vicinity of M-point of Bi(111) surface Brillouin zone (see Fig.1a ). However, recent high resolution ARPES experiments [21] [22] [23] on Bi(111) surface show that pure bismuth is topologically not trivial material. Namely, there is a branch in SS spectrum (which was called "SS1" in Ref. 23 ) that starts from valence band at Γ, intersects band gap and ends in a vicinity of conduction band minimum (CBM) in M-point. Existence of this branch is a manifestation of non-trivial topological order in bismuth 21, 22 . There is no contradiction with the topological theory, because relative order of symmetric L s and antisymmetric L a bulk bands near Fermi-level plays a key role in topological classification of bismuth. Due to small energy difference between these bands a weak modification of parameters in the Liu-Allen tight-binding model results in inverted band order (i.e. L a is higher than L s ), with little change in rest band structure 21, 22 . Though even in the high-resolution experiments it is not so easy to identify the true dispersion of SSs in vicinity of M-point by virtue of small band gap (≈ 12 meV) and sharp dispersion of bulk bands with respect to spectrum of SSs. Lately SS spectra in Bi(111) thick 24 and thin 25 films were also studied in frames of tight-binding models and first-principles density functional theory 26 . Authors of Ref.
24 suggested a new set of tight-binding parameters in the Liu-Allen model 15 that corresponds to topological non-trivial phase of bismuth and allows one to describe surface spectra around M-point obtained in the high-resolution ARPES experiments 21, 23 . However, as this model comprises quite a few parameters it is not intuitively clear changes of what parameters make spectra of SSs approach conduction band. Besides, it is not so easy to extend that approach for the case of external electric and magnetic fields. Refs. [25, 26] consider only SS spectra in ultrathin Bi(111) films, which does not allow one to trace evolution of SSs from bulk limit.
In this paper we analytically study spectra of surface and size-quantized states in Bi(111) films in frames of envelope function approximation at the vicinity of M-point, where electrons and holes are described by an effective Dirac equation 27 . Based on derived phenomenological boundary condition (BC) for envelope functions at film's surface and taking into account the new ARPES data, we find that SSs have parabolic dispersion around CBM in vicinity of M-point. We reveal that (i) spectra of SSs for semi-infinite Bi(111) are very anisotropic, (ii) for Bi(111) film SSs from top and bottom surfaces do not couple in case of equivalent surfaces, (iii) there are two degenerate states whose energy equals bulk CBM and does not depend on thickness of the film. We also show evolution of SS spectra in vicinity of M-point as a function of the film thickness. Our theory comprises only two phenomenological parameters whose values may be extracted from ARPES data 21, 22, 28 . The paper is organized as follows. Sec.II is devoted to derivation of BC for envelope functions of Dirac fermions in L-valley of bismuth at (111) surface taking into account the new ARPES data. In Sec.III we calculate spectra of SSs for semi-infinite sample. Sec.IV is devoted to calculation of spectra for size-quantized and surface states in Bi(111) films. In Sec.V we summarize our results. Details of the calculations are given in Appendices A,B,C.
II. BOUNDARY CONDITION
For simplicity, in the main body of the paper we consider an isotropic Dirac equation that describes carriers in L-valleys of bismuth 27, 29 (in Appendix A we account for bulk anisotropy of bismuth):
where 2m > 0 is the bulk band gap in the L-valley, v is absolute value of matrix element for momentum operator between symmetric and anti-symmetric Bloch functions of band extrema, σ = (σ x , σ y , σ z ) is vector of the Pauli matrices in standard representation, p is threedimensional quasi-momentum counted from L-point of bulk Brillouin zone, Ψ c,v are spinor envelope functions of states in conductance and valence bands, respectively. Dirac equation (1) is written in local Cartesian reference frame shown on Fig.1a ,b.
To describe a plane surface in the envelope function approximation neglecting intervalley interaction one should supplement the Dirac equation (1) by a BC at the surface. Such a BC couples Ψ c and Ψ v 29,30 :
where the first equality defines BC matrix Γ described by 2×2 unit matrix σ 0 and an unknown matrix M k || that depends, in general, on wave vector components along a surface. General expression for matrix M is fixed by Hermiticity of the Dirac Hamiltonian in confined space 30 σnM + M + σn = 0 and time-reversal symmetry T M = M T described by the operator T = −iσ y K. Matrix M satisfying both of these constraints is of the following form (up to the first order in k || ):
where we imply summation over repeated indexes, n is a unit vector normal to a surface, a 0 , b, C ij are scalar, vector and tensor real phenomenological parameters, that describe properties of a surface. Usually one is only interested in the BC (2) with matrix M described by the first term in Eq. (3) 29,30 , as the other terms are small being higher order in wave vector. Such a BC results in conical spectrum of SSs 29, 30 for any values of a 0 except a 0 = 0 and a 0 = ∞. In case of a 0 = 0 (a 0 = ∞) SSs are dispersionless with energy E SS = m (E SS = −m), i.e. correspond to conduction (valence) band extremum. However, recent experimental ARPES data 6,21,23,31 reveals that that SSs possess parabolic dispersion with very heavy effective mass in Γ − M direction in vicinity of Mpoint approaching to the CBM. We argue that such a dispersion may be described by the BC (2), (3) with a 0 = 0. Effect of small values of a 0 on SS spectra is considered in Appendix B.
At a 0 = 0 matrix M (3) still comprises quite a few number of unknown parameters. Their quantity can be reduced by means of spatial symmetry restrictions. Group of M-point of Bi(111) surface Brillouin zone is C 2v point group (see Fig.1a ). In the reference frame under consideration action of C 2 (z) rotation and mirror M x,y reflection in plane perpendicular to x, y-axis are expressed by matrices
= Γ leads to two parametric form for linear momentum dependent part of the matrix M :
where a 1,2 are real parameters characterizing surface properties and have length dimension. In single band limit, the parameters a 1 , a 2 are proportional to Rashba and Dresselhaus interface constants (see Appendix C). . In M − K direction, the SS spectra is characterized by the parameter a1 = 10 A that was derived from Fermi-surface size in that direction on the subplot (c). In Γ − M direction we plot SS spectra for three different values of the parameter a2 = 0.05, 0.09, 0.2A fitting in the best way dashed curve at different momenta. The dashed curve represents dispersion of SSs extracted from ARPES data of Ref. [21] . Bulk parameters of Bi are the following: 2m = 12 meV, v1 = 1.2 × 10 6 m/s, v2 = 0.1×10 6 m/s, v3 = 1.0×10 6 m/s. Values of velocity matrix elements were derived from the bulk effective mass tensor calculated in Ref. [15] . Grey color fills projection of bulk state spectrum.
III. SURFACE STATES SPECTRA OF DIRAC FERMIONS
Here, we consider SSs in a semi-infinite problem for the isotropic Dirac equation (1) with the BC (2), (4) . Wave functions of SSs in a crystal filling semi-space z > 0 are of the form φ k || e −κz+ik || r || , where φ k || is a bi-spinor obeying the Dirac equation as well as the BC,
/ v > 0 is an inverse decay length of SSs. Spectra of the SS have the following form (with = 1):
(5) Spectrum (5) is shown on Fig.2(a,b) in dimensionless axes.
For
Generally, the SS spectrum is anisotropic even for the isotropic Dirac equation in the bulk. In Appendix A we calculate SS spectrum taking into account bulk anisotropy of bismuth and extract value of the boundary parameters from Bi(111) ARPES data of Refs. [21, 28] 
IV. SPECTRA OF DIRAC FERMIONS IN FILMS
In this section we consider a film of thickness d. In general case, two film surfaces are non-equivalent ones (f.e. top is exposed to vacuum but bottom contacts with substrate) and characterized by the BC (2), (4) with the different boundary parameters a 1t,b , a 2t,b for top (z = d/2) and bottom (z = −d/2) surfaces, respectively. Wave functions of states in the film are of the form φ
The wave functions with real positive κ describe SSs, and with purely imaginary κ -size-quantized states. After substitution the latter wave function to the BC we obtain dispersion equation:
where
SS are spectra of SSs (5) at top/bottom surfaces in the limit d → ∞.
In the case of equivalent film surfaces (i.e. a 1t = a 1b , a 2t = a 2b ) spectra of size-quantized subbands are determined by the equation k z d = πn, n = 1, 2, . . . All subbands are double degenerate on spin quantum number. A zero band n = 0 has specific character, two degenerate states with k z = k x = k y = 0 emerge at CBM with energy independent on the film thickness. These two states possess coordinate independent wave functions ψ ↑ ∝ (1, 0, 0, 0) T , ψ ↓ ∝ (0, 1, 0, 0) T . It may explain very weak thickness dependence of ARPES response from conduction band extrema in Ref. [23] . With increase of momenta, states in the zero subband become more decaying inside the film finally turning to SSs.
In the opposite case of non-equivalent surfaces, sizequantized subbands are splitted in spin quantum number (see Fig.3 ). We mention that the two degenerate states with energy at bulk CBM also exist in this case.
As it follows from dispersion equation (6) SSs from top and bottom surfaces do not interact to each other in case of equivalent surfaces. Their spectra are determined by Eq.(5) and have double degeneracy. Coupling of SSs from top and bottom surfaces emerges in degree of non-equivalence of two surfaces. This interaction leads to anisotropic repulsion of SS spectra (see Fig.3 ). On Fig.4 we demonstrate dependence of SS spectra at energies around CBM on thickness of the Bi(111) film. The less thickness of the film the more spin splitting of SS spectra. However, we stress that thinning of the film does not affect the double degeneracy at k x = k y = 0.
V. SUMMARY
In conclusion, we derived a phenomenological momentum dependent BC for the Dirac equation that allow us to quantitatively describe SS spectra in vicinity of Mpoint in Bi(111) films. The BC is characterized by two real phenomenological parameters that determine effective mass of the SSs in the Γ − M and M − K directions respectively. The phenomenological parameters are concerned with the parameters of interface Rashba and Dresselhaus spin-orbit interactions. We extract values of the parameters from comparison with recent ARPES data 23, 28 for Bi(111) samples. In the Γ − M direction the SSs possess very heavy effective mass in range of 14m 0 ≤ m yy ≤ 58m 0 depending on energy, but in the M − K direction the SSs have light effective mass m xx = 0.024m 0 . The above BC also leads to unusual interaction of SSs from top and bottom surface of the film. Namely, SSs from two film surfaces weakly interact to each other and only in degree of non-equivalence of the surfaces. In addition, our BC results in existence of two degenerate states in Bi(111) films with energy at bulk conduction band minimum regardless of the film thickness. In fact, this energy equals that of bottom of the zeroth subband (n = 0). Finally, it should be mentioned that the developed approach allows straightforward physically clear generalisation, unlike ab initio calculations, for the case of smooth external fields. For example, our results can be used to construct a theory for conductivity of the Bi(111) films in which surface state contribution coexists with that of size-quantized states, like in very recent expriments 34 . We acknowledge support by the Russian Science Foundation (project no. 16-12-10411).
In L-valley of bulk bismuth carriers possess anisotropic pseudo-relativistic dispersion and are described by effective anisotropic Dirac equation:
2m is the bulk band gap in L-valley, v 1,2,3 are absolute values of matrix elements for respective components of momentum operator between symmetric and antisymmetric Bloch functions of band extrema, σ x,y,z are the Pauli matrices in standard representation, p x,y,z are components of quasi-momentum counted from L-point of bulk Brillouin zone, α is an angle (≈ 6
• ) between long axes of bulk electron ellipsoidal Fermi surface and y-axis (see Fig.5 ). Dirac equation (A1) is written in reference frame where z-axis along [111] direction, x-axis is perpendicular to mirror plane.
To derive surface state dispersion we look for general boundary condition (BC) for the Dirac equation in the form used in the main text:
Following the main text we use Hermiticity of the Dirac Hamiltonian
and time-reversal symmetry T Γ = ΓT to find general expression for the matrix M up to the linear terms in momentum parallel to the surface:
here n ′ = (n x , n y cos α − n z sin α, n z cos α + n y sin α), n = (n x , n y , n z ) is unit normal to a surface, a 0 , b, C ij is real scalar, vector and tensor parameters characterizing surface properties. Together with invariance of the BC (A2) under any operation O of C 2v point group
, we obtain the following form of M matrix:
Below, we first derive SS spectra for anisotropic Dirac equation (A1) with the BC (A2), (A5) at a 0 = 0, and then consider effect of small a 0 (a 0 ≪ 1) on spectra and density of SSs in isotropical limit
Let us now find dispersion of SSs in L-valley of semiinfinite Bi(111) crystal filling semi-space z > 0. SS wave functions are of the form φ k || e
where φ k || is a bi-spinor obeying the Dirac equation (A1) as well as the BC (A2), (A5) with a 0 = 0, 
(A6) At small momenta the previous equation is reduced to the following:
where the last equality is valid for bismuth due to small band gap. Eq.(A7) was used in plotting Fermi-surface of SS on Fig.2c . In case of Bi(111) film of thickness d wave functions of states in the film are of the form φ 
SS is SS dispersion (5) with a 1t,b , a 2t,b at top/bottom surface. In case of equivalent surfaces a 1t = a 1b , a 2t = a 2b dispersion equation (A8) is reduced to the following one:
Appendix B: Surface state dispersion with account of a0
Here we consider effect of small a 0 on SS spectra. For simplicity we neglect by anisotropy v 1 = v 2 = v 3 = v and suppose that α = 0. Then dispersion equation for SSs reads as follows
In the most interesting case |a 0 | ≫ |a 1,2 k x,y | we obtain the following SS spectra:
In case of a 0 > 0, s = +1 is valid only for k || < 2a 0 mv/ |1 − a 2 0 |, s = −1 holds for every wave vector. In case of a 0 < 0 only s = −1 is allowed for all wave vectors. For small enough momenta in the previous formula the first two term are leading ones and result in conical spectra 29, 30 . The last term gives parabolic curvature and is essential for high enough momenta and |a 0 | ≪ 1. We compare SS spectra (A6) with spectra (B2) at |a 0 | ≪ 1 on In this section we show relation between the boundary parameters a 1 , a 2 in Eq.(4) and parameters of interface Rashba and Dresselhaus spin-orbit interactions in a single band limit (i.e. for DFs with energies |E − m| ≪ m).
In Ref. [35] values of the Rashba and Dresselhaus interface parameters for GaAs/AlGaAs interface were determined 
The parameter χ describes interface Rashba interaction, but γ accounts for Dresselhaus interface interaction 35 . Solving (C3) with respect to a 1,2 we obtain the final expression for them via χ and γ:
